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1 Introduction
Yangian is a Hopf algebra associated with the rational solutions of the quan-
tum Yang-Baxter equation(YBE)[1]. In [2, 3, 4], it has been shown that the
Yangian double DY (g), a quantum double of the Yangian[5], is a relevant
object to describe a mathematical structure of massive integrable quantum
field theory. However, this idea has not yet been realized successfully. It
seems that this is because only level-0 Yangian double has been considered,
where infinite dimensional representations are lacking. This situation makes
a contrast to the success in integrable spin chains, where the quantum affine
algebras, a Hopf algebra associated with the trigonometric solutions of the
quantum YBE, have been applied[6, 7].
Recently, a breakthrough has been brought by Iohara, Kohno[8, 9] and
Khoroshkin, Lebedev, Pakuliak[10, 11]. They have succeeded to define a
central extension of the Yangian double DY (sln) by means of the Drin-
feld currents[12] and to obtain infinite dimensional representations which
are analogous to the level-1 highest weight representations of the affine Lie
algebra ŝln and the quantum affine algebra Uq(ŝln).
In this letter, we extend this line to the higher level representation for
the central extension of DY (sl2). We consider a representation of the level-
k (6= 0,−2) Drinfeld currents in terms of the three free bosonic fields Φ, φ
and χ. This can be regarded as a deformation of the so-called Wakimoto
construction of the affine Lie algebras[13]. As a consequence, an analogue
of the level-k Wakimoto modules are obtained as a certain restriction of the
Fock spaces of these bosons. We also give a boson representation of vertex
operators intertwining the resultant modules.
This paper is organized as follows. In section 2, we briefly recall the
definition of the central extension of the Yangian double DY (sl2). In section
3, introducing three bosonic fields we give a free field construction of the
level-k Drinfeld currents. In section 4, we point out the existence of a
couple of operators called screening charges which commutes with all the
currents. Their free field representation is also given. In section 5, we
consider vertex operators called type I and type II in the terminology by
Jimbo and Miwa[7] and give their bosonized expressions. The final section
is devoted to discussions.
2
2 Central extension of the Yangian double
Definition 2.1 The central extension of the yangian double DY (sl2) [8,
10] is a Hopf algebra over C[[h¯]] generated by the derivation operator d,
central element c and the symbols em, fm, hm, m ∈ Z satisfying the following
relations.
[d, e(u)] =
d
du
e(u), [d, f(u)] =
d
du
f(u), [d, h±(u)] =
d
du
h±(u),
e(u)e(v) =
u− v + h¯
u− v − h¯
e(v)e(u),
f(u)f(v) =
u− v − h¯
u− v + h¯
f(v)f(u),
h±(u)e(v) =
u− v + h¯
u− v − h¯
e(v)h±(u), (2.1)
h+(u)f(v) =
u− v − (1 + c)h¯
u− v + (1− c)h¯
f(v)h+(u),
h−(u)f(v) =
u− v − h¯
u− v + h¯
f(v)h−(u),
[h±(u), h±(v)] = 0,
h+(u)h−(v) =
u− v + h¯
u− v − h¯
u− v − (1 + c)h¯
u− v + (1− c)h¯
h−(v)h+(u),
[e(u), f(v)] =
1
h¯
(δ(u − (v + h¯c))h+(u)− δ(u− v)h−(v)),
where
e±(u) = ±
∑
m≥0
m<0
emu
−m−1, f±(u) = ±
∑
m≥0
m<0
fmu
−m−1,
h±(u) = 1± h¯
∑
m≥0
m<0
hmu
−m−1, (2.2)
and
e(u) = e+(u)− e−(u), f(u) = f+(u)− f−(u),
δ(u− v) =
∑
n+m=−1
unvm.
The coproduct is given by[14]
∆(d) = d⊗ 1 + 1⊗ d, ∆(c) = c⊗ 1 + 1⊗ c,
3
∆(eǫ(u)) = eǫ(u)⊗ 1
+
[
1⊗ 1 + h¯2f ǫ(u+ h¯− δǫ,+ch¯)⊗ e
ǫ(u−
1
2
ǫc1h¯)
]−1
hǫ(u)⊗ eǫ(u−
1
2
ǫc1h¯),
∆(hǫ(u)) =
[
1⊗ 1 + h¯2f ǫ(u+ h¯− δǫ,+ch¯)⊗ e
ǫ(u− h¯−
1
2
ǫc1h¯)
]−2
×hǫ(u)⊗ hǫ(u−
1
2
ǫc1h¯), (2.3)
∆(f ǫ(u)) = 1⊗ f ǫ(u+
1
2
c1h¯)
+
[
1⊗ 1 + h¯2f ǫ(u+ δǫ,+c2h¯)⊗ e
ǫ(u− h¯+
1
2
c1h¯+ δǫ,+ch¯)
]−1
×f ǫ(u+ δǫ,+c2h¯)⊗ h
ǫ(u+
1
2
c1h¯+ δǫ,+ch¯),
where c1 = c⊗ 1, c2 = 1⊗ c, ǫ = ±, δ+,+ = 1 and δ+,− = 0.
Remark. The formulae (2.1) and (2.3) are converted to those in [8] by the
following rule[14].
H±(u∓
1
4
ch¯) = h±(u), E(u) = e(u), F (u+
1
2
ch¯) = f(u). (2.4)
Note also
hǫ(u)eǫ(u+ h¯) = eǫ(u− h¯)hǫ(u),
hǫ(u)f ǫ(u− h¯− δǫ,+ch¯) = f
ǫ(u+ h¯− δǫ,+ch¯)h
ǫ(u). (2.5)
3 Free bosons
Let us introduce a Heisenberg algebra generated by aΦ,n, aφ,n, aχ,n n ∈ Z
and aΦ, aφ, aχ, ∂Φ, ∂φ, ∂χ satisfying the commutation relations
[aΦ,m, aΦ,n] =
k + 2
2
mδm+n,0, [∂Φ, aΦ] =
k + 2
2
,
[aφ,m, aφ,n] = −mδm+n,0, [∂φ, aφ] = −1, (3.1)
[aχ,m, aχ,n] = mδm+n,0, [∂χ, aχ] = 1
[aX,m, aX′,n] = 0, X 6= X
′
with k ∈ C(6= 0,−2).
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Let |l; s, t〉 be a vacuum state with Φ, φ, χ-charges l,−s, t:
|l; s, t〉 = e
l
k+2
aΦ+saφ+taχ |0〉, (3.2)
aX,n|0〉 = 0, n> 0, ∂X |0〉 = 0
for X = Φ, φ, χ. Let Fl,s,t be a Fock space constructed on |l; s, t〉:
Fl,s,t =
{∏
aΦ,−n
∏
aφ,−n′
∏
aχ,−n′′ |l; s, t〉
}
(3.3)
with n, n′, n′′ ∈ Z>0.
It is convenient to introduce generating functionsX(u;A,B), X = Φ, φ, χ
X(u;A,B) =
∑
n>0
aX,−n
n
(u+Ah¯)n −
∑
n>0
aX,n
n
(u+Bh¯)−n
+ log(u+Bh¯)∂X + aX . (3.4)
We also use the notation X(u;A,A) = X(u;A). We denote by : : the normal
ordered product
: exp{X(u;A,B)} := exp
{∑
n>0
aX,−n
n
(u+Ah¯)n
}
eaX
×(u+Bh¯)∂X exp
{
−
∑
n>0
aX,n
n
(u+Bh¯)−n
}
and by α∂u the difference operator
α∂ug(u) =
g(u+ αh¯)− g(u)
h¯
.
Definition 3.1 The currents e(u), f(u) and h±(u) acting on Fl,s,t are defined
by
e(u) = − : [1∂u exp{−χ(u;−(k + 2))}] exp{−φ(u;−(k + 1),−(k + 2))} :
(3.5)
f(u) =
1
h¯
:
[
exp
{∑
n>0
aΦ,n
n
[(u− 2h¯)−n − u−n]
}( u
u− 2h¯
)∂Φ
× exp{φ(u;−1, 0) + χ(u;−1)}
− exp
{∑
n>0
2aΦ,−n
(k + 2)n
[(u− (k + 3)h¯)n − (u− h¯)n]
}
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× exp{φ(u;−(k + 3),−(k + 2)) + χ(u;−(k + 2))}
]
: (3.6)
h+(u) = exp
{∑
n>0
aΦ,n
n
[(u− (k + 2)h¯)−n − (u− kh¯)−n]
}( u− kh¯
u− (k + 2)h¯
)∂Φ
× exp
{∑
n>0
aφ,n
n
[(u− (k + 2)h¯)−n − (u− kh¯)−n]
}( u− kh¯
u− (k + 2)h¯
)∂φ
(3.7)
h−(u) = exp
{∑
n>0
2aΦ,−n
(k + 2)n
[(u− (k + 3)h¯)n − (u− h¯)n]
}
× exp
{∑
n>0
aφ,−n
n
[(u− (k + 3)h¯)n − (u− (k + 1)h¯)n]
}
(3.8)
We also define the operator d by
d = dΦ + dφ + dχ, (3.9)
dΦ =
2
k + 2
(
aΦ,−1∂Φ +
∑
n∈Z>0
aΦ,−(n+1)aΦ,n
)
,
dφ = −aφ,−1∂φ −
∑
n∈Z>0
aφ,−(n+1)aφ,n,
dχ = aχ,−1∂χ +
∑
n∈Z>0
aχ,−(n+1)aχ,n.
Proposition 3.1 For X = Φ, φ, χ,
eγdaX,−me
−γd =
∑
n≥0
(m+ n− 1)!
(m− 1)!n!
γnaX,−(m+n), n ≥ 1
eγdaX,me
−γd =
∑
0≤n<m
(−)nm!
(m− n)!n!
γnaX,m−n + (−)
mγm∂X , n ≥ 1
eγdaXe
−γd = aX +
∑
n≥1
aX,−n
n
γn, eγd∂Xe
−γd = ∂X
By direct calculation using (3.5)∼(3.9), we have
Theorem 3.1 By analytic continuation, the operator d and the currents
e(u), f(u) h±(u) satisfy the same relations as (2.1) with c = k on Fl,s,t.
We denote byDY (sl2)k the algebra generated by the currents e(u), f(u), h
±(u)
and d on Fl,s,t.
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Remark. In the classical limit h¯→ 0, the currents e(u), f(u), h±(u) tend to
the bosonized form of the level-k currents for the affine Lie algebra ŝl2:
e(u)→ −
[
∂e−χ(u)
]
e−φ(u),
f(u)→
[
(k + 2)∂φ(u) + (k + 1)∂χ(u) + 2∂Φ(u)
]
eχ(u)+φ(u),
1
h¯
(
h+(u)− h−(u)
)
→ 2
(
∂φ(u) + ∂Φ(u)
)
with
X(u) = aX + (log u)∂X −
∑
n∈Z(6=0)
aX,n
n
u−n, X = Φ, φ, χ.
In the same limit, the operator d is nothing but the L−1 operator of the
Virasoro algebra constructed via Sugawara form from the above classical
currents.
For the level-k quantum affine algebra Uq(ŝl2), an analogous free field
representation was obtained in [15, 16, 17, 18].
4 Deformed Wakimoto modules
It is easy to show
Proposition 4.1
[e(u), ∂φ + ∂χ] = 0, [h
±(u), ∂φ + ∂χ] = 0, [f(u), ∂φ + ∂χ] = 0.
We hence restrict the Fock space Fl,s,t to the s = t sector without loss of
generality.
Remark. On Fl,s,s, the currents e(u), f(u) and h
±(u) are single valued so
that the expansion such as (2.2) makes sense.
Let us next consider the following operators.
ξ(u) =: exp{−χ(u;−(k + 2))} :, η(u) =: exp{χ(u;−(k + 2))} :
We have
ξ(u)η(v) = −η(v)ξ(u) ∼
1
u− v
. (4.1)
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Here ∼ means that the relation holds modulo regular terms. The fields
ξ(u) and η(u) are single valued on Fl,s,s s ∈ Z. From (4.1), the zero-modes
ξ0 =
∮
du
2πiuξ(u) and η0 =
∮
du
2πiη(u) anticommute {ξ0, η0} = 0. Note also
ξ20 = 0 = η
2
0 . In addition, the following equations hold in the sense of
analytic continuation.
Proposition 4.2
h±(u)η(v) = η(v)h±(u) ∼ 0,
f(u)η(v) = −η(v)f(u) ∼ 0,
e(u)η(v) = −η(v)e(u)
∼ 1∂v
( 1
u− v + h¯
exp{−φ(u;−(k + 2),−(k + 3))}
)
.
Therefore the zero-mode η0 commutes with the action of DY (sl2)k.
From this we restrict the Fock space Fl,s,s to the kernel of η0. We hence
arrive at the deformation of the Wakimoto modules
Fl =
⊕
s∈Z
Ker(η0 : Fl,s,s → Fl,s,s+1). (4.2)
For the level−k Uq(ŝl2), the q−deformation of the Wakimoto modules
were obtained in [19, 20, 21].
Remark. For m ≥ 0
em|l; 0, 0〉 =
∮
du
2πi
ume(u)|l; 0, 0〉
=
∮
du
2πi
um
1
h¯
(
e−
∑
n>0
aχ,−n
n
(u−(k+1)h¯)n − e−
∑
n>0
aχ,−n
n
(u−(k+2)h¯)n
)
×e−
∑
n>0
aφ,−n
n
(u−(k+1)h¯)n |l; 0, 0〉
= 0. (4.3)
In the same way, for m ≥ 0,
fm|l; 0, 0〉 = δm,02l|l; 0, 0〉
+
∞∑
a=2
( l + a− 1
a
)
2ah¯a−1
×
∮
du
2πi
um−ae
∑
n>0
aχ,−n
n
(u−h¯)n+
∑
n>0
aφ,−n
n
(u−h¯)n |l; 0, 0〉, l 6= 0,
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fm|0; 0, 0〉 = 0,
hm|l; 0, 0〉 = δm,0
2l
k + 2
|l; 0, 0〉
+(1− δm,0)((k + 2)h¯)
m
l∑
a=0
m+1≥a
l(l +m− a)!
a!(l − a)!(m− a+ 1)!
( −k
k + 2
)a
|l; 0, 0〉.
Hence the states |l; 0, 0〉 are not the highest weight states in the usual sense
except for the case l = 0. However, |l; 0, 0〉 l 6= 0 recovers the highest
weight state conditions in the limit h¯ → 0. We hence identify the state
|l; 0, 0〉 with the highest weight state |λl〉 in the affine Lie algebra ŝl2, where
λl = (k − l)Λ0 + lΛ1 are dominant integral weights of level−k with Λ0 and
Λ1 being the fundamental weights. This identification is natural, because
the zero-modes of the free bosons (3.1) are not affected by the deformations.
Next we consider the screening operator defined by
S(u)[J ] =: [1∂u exp{−χ(u;−1)}] exp{−φ(u;−1, 0)} :
× exp
{
−
∑
n>0
2aΦ,−n
(k + 2)n
(u− h¯)n
}
e−
2
k+2
aΦ
J∏
j=0
(u− (2 + (k + 2)j)h¯
u− (k + 2)jh¯
)∂Φ
× exp
{ J∑
j=0
∑
n>0
aΦ,n
n
[(u− (k + 2)jh¯)−n − (u− (2 + (k + 2)j)h¯)−n
}
(4.4)
with J ∈ Z>0.
We have
Proposition 4.3
h+(u)S(v)[J ] = S(v)[J ]h
+(u) ∼ 0,
e(u)S(v)[J ] = S(v)[J ]e(u) ∼ 0,
S(u)[J ]η(v) = η(v)S(u)[J ]
∼ −1∂v
( 1
u− v + (k + 2)h¯
exp{−φ(v;−(k + 3),−(k + 2))}
× exp
{
−
∑
n>0
2aΦ,−n
(k + 2)n
vn
}
e−
2
k+2
aΦ
J∏
j=0
( v − (1 + (k + 2)j)h¯
v − (−1 + (k + 2)j)h¯
)∂Φ
× exp
{ J∑
j=0
∑
n>0
aΦ,n
n
[(v − (−1 + (k + 2)j)h¯)−n − (v − (1 + (k + 2)j)h¯)−n]
})
,
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[S(u)[J ], ∂φ + ∂χ] = 0.
In addition, in the limit J →∞,
h−(u)S(v) = S(v)h−(u) ∼ 0,
f(u)S(v) = S(v)f(u)
∼ −k+2∂v
( 1
u− v
exp
{
−
∑
n>0
2aΦ,−n
(k + 2)n
(v − h¯)n
}
×e−
2
k+2
aΦ
∞∏
j=1
(v − (2 + (k + 2)j)h¯
v − (k + 2)jh¯
)∂Φ
× exp
{ ∞∑
j=1
∑
n>0
aΦ,n
n
[(v − (k + 2)jh¯)−n − (v − (2 + (k + 2)j)h¯)−n]
})
,
where S(u) = limJ→∞ S(u)[J ].
Therefore the screening charge S =
∮
du
2πiS(u)[J ] commutes with all the cur-
rents in DY (sl2)k and η0 in the limit J →∞. The charge S yields a linear
map S : Fl → Fl−2.
5 Vertex operators
Let V (l) = ⊕lm=0C[[h¯]]wm be the l + 1-dim representation of sl2. Let
V
(l)
u = V (l) ⊗ C[[h¯]][[u−1, u] be the evaluation module on which the action
of DY (sl2)k is defined by the following relations[22].
en(wm ⊗ u
a) = m
(
u+
l − 2m+ 1
2
h¯
)n
(wm−1 ⊗ u
a),
fn(wm ⊗ u
a) = (l −m)
(
u+
l − 2m− 1
2
h¯
)n
(wm+1 ⊗ u
a), (5.1)
hn(wm ⊗ u
a) =
[
(m+ 1)(l −m)
(
u+
l − 2m− 1
2
h¯
)n
−m(l −m+ 1)
(
u+
l − 2m+ 1
2
h¯
)n]
(wm ⊗ u
a),
d(wm ⊗ u
a) = −a(wm ⊗ u
a−1)
for a, n ∈ Z, where we set w−1 = wl+1 = 0.
Let λl be the dominant integral weights.
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Definition 5.1 The type I and the type II vertex operators are the following
intertwiners.
Type I Φ
λl3V
(l)
λl1
(u) : Fl1 → Fl3 ⊗ V
(l)
u ,
Type II Ψ
λl3V
(l)
λl1
(u) : Fl1 → V
(l)
u ⊗Fl3 .
satisfying
Φ
λl3V
(l)
λl1
(u)x = ∆(x)Φ
λl3V
(l)
λl1
(u),
Ψ
λl3V
(l)
λl1
(u)x = ∆(x)Ψ
λl3V
(l)
λl1
(u), for ∀x ∈ DY (sl2)k. (5.2)
We normalize the vertex operators as follows.
Φ
λl3V
(l)
λl1
(u)|λl1〉 = |λl3〉 ⊗ wm + · · · , (5.3)
Ψ
λl3V
(l)
λl1
(u)|λl1〉 = wm ⊗ |λl3〉+ · · · (5.4)
with m = (l+ l3 − l1)/2. Expanding Φ
λl3V
(l)
λl1
(u) and Ψ
λl3V
(l)
λl1
(u) in a formal
series
Φ
λl3V
(l)
λl1
(u) =
l∑
m=0
Φl,m(u)⊗ wm, (5.5)
Ψ
λl3V
(l)
λl1
(u) =
l∑
m=0
wm ⊗Ψl,m(u), (5.6)
we obtain from (2.3) and (5.1) the following intertwining relations.
Lemma 5.1
Type I : (l −m+ 1)Φl,m−1(u) = [Φl,m(u), f0],
[Φl,l(u), e(v)] = 0,
h+(v)Φl,l(u) =
v − u− k−l+12 h¯
v − u− k+l+12 h¯
Φl,l(u)h
+(v),
h−(v)Φl,l(u) =
v − u+ k+l−12 h¯
v − u+ k−l−12 h¯
Φl,l(u)h
−(v).
Type II : (m+ 1)Ψl,m+1(u) = [Ψl,m(u), e0],
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[Ψl,0(u), f(v)] = 0,
h±(v)Ψl,0(u) =
v − u− l−12 h¯
v − u+ l+12 h¯
Ψl,0(u)h
±(v),
Lemma 5.2 The following vertex operators satisfy the intertwining relations
in Lemma 5.1 in the limit J →∞ and δ → 0.
Φl,m(u)[J,δ] =
1
(l −m)!
[· · · [Φl,l(u)[J,δ], f0] · · · f0]︸ ︷︷ ︸
l−m
, (5.7)
Ψl,m(u)[J,δ] =
1
m!
[· · · [Ψl,0(u)[J,δ], e0] · · · e0]︸ ︷︷ ︸
m
, (m = 0, 1, .., l) (5.8)
with
Φl,l(u)[J,δ]
= exp
{ J∑
j=0
[Φ(−)(u;−
k + l − 1
2
+ 2j;−
k − l − 1
2
+ 2j) + Φ(−)(0; 2 + δ + 2j; 2j)]
}
×e
l
k+2
aΦ
× exp
{
−
J∑
j=1
Φ(+)(u;−
k − l + 1
2
− (k + 2)j;−
k + l + 1
2
− (k + 2)j)
}
, (5.9)
Ψl,0(u)[J,δ]
= exp
{ J∑
j=0
[Φ(−)(u;
l − 5
2
− k + 2j;−
l + 1
2
− k + 2j) + Φ(−)(0; 2 + δ + 2j; 2j)]
}
×e
l
k+2
aΦ
× exp
{
−
J∑
j=1
Φ(+)(u;−
l − 1
2
− (k + 2)j;
l − 3
2
− (k + 2)j)
}
× exp
{
φ(u;
l − 5
2
− k,−
l + 3
2
− k) + χ(u;
l − 3
2
− k)
}
, (5.10)
where
Φ(−)(u;A;B) =
∑
n>0
2a−n
(k + 2)n
[(u+Ah¯)n − (u+Bh¯)n] (5.11)
Φ(+)(u;A;B) =
∑
n>0
an
n
[(u+Ah¯)n − (u+Bh¯)n]−
[
log
(u+Ah¯
u+Bh¯
)]
∂Φ
(5.12)
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From this and the remark below the proposition 4.3, we arrive at the fol-
lowing theorem.
Theorem5.1 The vertex operators
Φ
λl3V
(l)
λl1
(u) =
l∑
m=0
Φ
(r)
l,m(u)⊗ wm, (5.13)
Ψ
λl3V
(l)
λl1
(u) =
l∑
m=0
wm ⊗Ψ
(r)
l,m(u), (5.14)
with
Φ
(r)
l,m(u) = g
(I)λl3V
(l)
λl1
(u)
∮
C
dt1
2πi
∮
dt2
2πi
· · ·
∮
dtr
2πi
Φl,m(u)[J,δ]S(t1)[J ]S(t2)[J ] · · ·S(tr)[J ],
Ψ
(r)
l,m(u) = g
(II)λl3V
(l)
λl1
(u)
∮
C
dt1
2πi
∮
dt2
2πi
· · ·
∮
dtr
2πi
Ψl,m(u)[J,δ]S(t1)[J ]S(t2)[J ] · · ·S(tr)[J ],
where 2r = l1 + l − l3 and g
(I,II)λl3V
(l)
λl1
(u) being the normalization function
determined by the condition (5.3) and (5.4), gives the intertwiner in Def-
inition5.1 in the limit J → ∞ and δ → 0. The contour C is depicted in
Fig.1[23].
6 Discussion
We have constructed a free field representation of the level-k Drinfeld cur-
rents for the Yangian double DY (sl2)k and screening operators. As a result,
we have obtained a deformation of the level-k Wakimoto modules. We also
have realized the type I and type II vertex operators intertwining these
modules.
A possible application of the results is a calculation of correlation func-
tions in massive integrable quantum field theory such as higher spin SU(2)
invariant Thirring model and in higher spin XXX spin chains. For this pur-
pose, one has to make a precise identification of the space of states with the
deformed Wakimoto modules. It is also an important problem to derive the
deformation of the Knizhnik-Zamolodchikov equation[3, 4] in the framework
of free field representation.
We hope to discuss these problems in future publication.
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